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This paper is concerned with the initial boundary value problem

ut = εu+ up−1u in × 0∞,
ux t = 0 on ∂× 0∞,
ux 0 = ϕx in ,
where p > 1, ε > 0,  is a bounded domain in RN , and ϕ is a continuous function
on 	. It is shown that the blowup time T ε of the solution of this problem satisﬁes
T ε → 1
p−1 ϕ1−p∞ as ε→ 0. Moreover, when the maximum of ϕx is attained at
one point, we determine the higher order term of T ε which reﬂects the pointed-
ness of the peak of ϕ. The proof is based on a careful construction of super- and
subsolutions. © 2001 Academic Press
1. INTRODUCTION
This paper is concerned with the initial boundary value problem for a
semilinear parabolic equation

ut = εu+ up−1u in × 0∞,
ux t = 0 on ∂× 0∞,
ux 0 = ϕx in ,
(1.1)
350
0022-247X/01 $35.00
Copyright © 2001 by Academic Press
All rights of reproduction in any form reserved.
semilinear parabolic problems 351
where p > 1, ε > 0,  is a bounded domain in RN , and ϕ is a continuous
function on 	. It is well known that a solution of (1.1) may blow up in
ﬁnite time, that is, u· t∞ may diverge to ∞ in ﬁnite time, where ·∞
denotes the maximum norm. By the life span (or the blowup time when it
is ﬁnite) of a solution u of (1.1), we mean the maximal existence time in
the classical sense. We take ε > 0 as a small parameter and denote the life
span by T ε.
Let zt θ be a solution of the initial value problem
dz
dt
= zp z0 θ = θ > 0 (1.2)
The solution zt θ is explicitly written as
zt θ = {θ1−p − p− 1t}1/1−p
so that zt θ → ∞ as t → θ1−p/p− 1. Friedman and Lacey [5] showed
that
T ε → 1
p− 1 ϕ
1−p
∞
as ε → 0 under the assumption that the initial data are positive. (In this
case, the solution of (1.1) remains positive for all t > 0 by the maximum
principle.) Namely, as ε→ 0, T ε converges to the blowup time of zt θ
with θ = ϕ∞. This suggests that if ε is sufﬁciently small, then the diffusion
is almost negligible near the blowup point and u· t∞ behaves like a
solution of (1.2). The proof of [5] is based on a simple comparison method
and does not seem to be applied directly to sign-changing solutions.
Our ﬁrst result is an extension to solutions of (1.1), which do not neces-
sarily have constant sign, under the condition
−min
x∈	
ϕx < max
x∈	
ϕx (1.3)
We note that for positive initial data, this condition is automatically
satisﬁed.
Theorem 1.1. Suppose that ϕ satisﬁes (1.3). If ε > 0 is sufﬁciently small,
then the solution of (1.1) blows up to +∞ in ﬁnite time. Moreover,
T ε → 1
p− 1 ϕ
1−p
∞
as ε→ 0.
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The authors suspect that (1.3) is only a technical assumption, and the
result holds true without assuming it. A technical difﬁculty in the case of
−min
x∈	
ϕx = max
x∈	
ϕx
is that it is not easy to predict the direction of the blowup (that is, to +∞ or
to −∞). On the other hand, if (1.3) holds, then the solution always blows
up to +∞ for small ε > 0.
In [5], Friedman and Lacey also gave more precise estimates of T ε
from the above and below as follows: If ϕ is nonnegative, takes its maximum
at x = a ∈ , and satisﬁes
ϕa+ y = ϕa − cyk + oyk
as y → 0 with some constants c k > 0, then there exist constants 	K,
K > 0 such that
1
p− 1 ϕ
1−p
∞ +Kεk/2 ≤ T ε ≤
1
p− 1 ϕ
1−p
∞ + 	Kεk/2
for small ε > 0. We remark that their estimates are not sharp in the sense
that there is a gap between the upper and lower estimates, i.e., K < 	K.
Our second result is to ﬁll the gap and determine a correction term
exactly.
Theorem 1.2. Suppose that ϕx∞ is attained at only one point x =
a ∈  and that ϕx satisﬁes
ϕa+ y = ϕa + yk−2 yHy + oyk
as y → 0 with some constant k > 0 and symmetric matrix H, where   
stands for the standard inner product on RN . Then
T ε = 1
p− 1 ϕ
1−p
∞ +Kϕ1+k/21−p−1∞ trH εk/2 + oεk/2
as ε→ 0 with
K = 2
k−1N + k/2
p− 1k/2N + 2/2 
Especially, if ϕ is twice differentiable at x = a (i.e., k = 2), then
T ε = 1
p− 1 ϕ
1−p
∞ +
2
p− 1 ϕ
21−p−1
∞ ϕaε+ oε
as ε→ 0.
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We notice that the correction term of T ε reﬂects how pointed the
peak of ϕ is. In the case where a peak of ϕx is ﬂat, the correction
term becomes exponentially small.
Theorem 1.3. Suppose that ϕ satisﬁes (1.3) and
ϕx ≡ ϕ∞ onx ∈ RN  x− a ≤ d ⊂ 
for some a ∈  and d > 0. Then
T ε = 1
p− 1 ϕ
1−p
∞ +O
(
exp−Cε−1)
as ε→ 0 with some constant C > 0.
We note that results similar to the above can be obtained for any
unbounded domain if ϕ satisﬁes an additional condition
ϕx < ϕ∞ − δ for x > R
with some δ > 0 and R > 0. In fact, the authors [8] obtained similar esti-
mates of the life span of (sign-changing) solutions for a Cauchy problem{
vt = v + vp−1v in RN × 0∞,
vx 0 = λϕx in RN , (1.4)
where λ > 0 is a large parameter. (We refer to Lee and Ni [6] and Gui
and Wang [4] for the estimate of life span of positive solutions.) A main
difﬁculty to study the blowup of sign-changing solutions is that the com-
parison method is not so useful, because such solutions have two directions
of blowup, i.e., +∞ and −∞. In order to overcome this difﬁculty, we used
in [8] an energy functional introduced by Giga and Kohn [1–3]
In the case of  = RN , the solutions u of (1.1) and v of (1.4) are related
by the scaling
vx t = ε1/1−pux ε−1t λ = ε1/1−p
Therefore, in this case, Theorems 1.1–1.3 immediately follow from the
corresponding results in [8] under some additional technical assumptions.
However, in the case of bounded domains, the energy method used in [8]
can be applied only to star-shaped domains. Our results in the present
paper do not need such an assumption on the domain . Our crucial
idea is to derive some estimates of solutions due to the small diffusion
coefﬁcient, which somehow enables us to apply the comparison method to
sign-changing solutions.
This paper is organized as follows: In Section 2, some preliminary esti-
mates of solutions are given which will be used to obtain upper estimates
of the life span. Section 3 is devoted to proofs of Theorems 1.1 and 1.3. In
Section 4, we derive upper and lower estimates of the life span which give
the proof of Theorem 1.2.
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2. PRELIMINARY RESULTS
In this section, we show some preliminary results which will be used to
obtain upper estimates of the life span in subsequent sections. For simplic-
ity, we set
m = −min
x∈	
ϕx M = max
x∈	
ϕx
and denote by Tm and TM the blowup times of solutions of (1.2) with θ = m
and θ =M , respectively, that is,
Tm =
1
p− 1m
1−p TM =
1
p− 1M
1−p
Clearly, if (1.3) holds, then 0 < TM < Tm. Throughout this paper, m, M ,
Tm, and TM denote the numbers deﬁned as above.
Let  be a bounded domain in RN and Ba r be a ball centered at x = a
with radius r > 0, that is,
Bar = x ∈ RN  x− a < r
Consider the Dirichlet problem{
Ut = εU in 
U = 0 on ∂, (2.1)
and denote its fundamental solution by Gx y t. Comparing Gx y t
with the fundamental solution of Ut = εU on RN , we have
0 < Gx y t < 14πεtN/2 exp
(
−x− y
2
4εt
)
(2.2)
for all x y t ∈ ×× 0∞.
When ε > 0 is small, Gx y t can be estimated from below as follows.
Lemma 2.1. For any a ∈  and τ > 0, there exist constants C0 α ε0 > 0
such that if 0 < ε ≤ ε0, then the fundamental solution of (2.1) satisﬁes
Gx y t ≥ {1− exp(− C0ε−1)} · 14πεtN/2 exp
(
−x− y
2
4εt
)
for all x y t ∈ Baα × Bxα × 0 τ.
Proof. Wemay assume without loss of generality that a = δ/2     δ/2
and 0 δN ⊂  for some δ > 0. Denote by Ĝx y t the fundamental
solution of ut = εu on 0 δN with the Dirichlet boundary condition.
Then it follows from the comparison theorem that
Ĝx y t < Gx y t (2.3)
for all x y ∈ 0 δN and t > 0.
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Let us estimate Ĝx y t from below. For XY ∈ R and t > 0, we set
gXY  t =
+∞∑
j=−∞
exp
(
−X − Y − 2jδ
2
4εt
)
−
+∞∑
j=−∞
exp
(
−X + Y − 2jδ
2
4εt
)

Then Ĝx y t is written as
Ĝx y t = 14πεtN/2
N∏
i=1
gxi yi t
where x = x1     xNt and y = y1     yNt . Now we assume X −
δ/2 ≤ δ/6 and X − Y  ≤ δ/6. Then we have
exp
(
−X + Y 
2
4εt
)
= exp
(
−X − Y 
2
4εt
)
· exp
(
−XY
εt
)
≤ exp
(
−X − Y 
2
4εt
)
· exp
(
− δ
2
18εt
)
by X ≥ δ/3 and Y ≥ δ/6. Similarly, for j = 0, we have
exp
(
−X + Y − 2jδ
2
4εt
)
= exp
(
−X + Y 
2
4εt
)
· exp
(
−4j
2δ2 − 2jδX + Y 
4εt
)
≤ exp
(
−X − Y 
2
4εt
)
· exp
(
− δ
2
18εt
)
· exp
(
− j
2δ2
3εt
)
by 2δ/3 < X + Y < 4δ/3. Also, we have
exp
(
−X − Y − 2jδ
2
4εt
)
= exp
(
−X − Y 
2
4εt
)
· exp
(
− j
2δ2 − jδX − Y 
εt
)
≤ exp
(
−X − Y 
2
4εt
)
· exp
(
−5j
2δ2
6εt
)
by X − Y  < δ/6. Thus, for each ﬁxed τ > 0, if ε is sufﬁciently small, then
gXY  t ≥ exp
(
−X − Y 
2
4εt
){
1− exp
(
− δ
2
19ετ
)}
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for X − δ/2 ≤ δ/6, Y − X ≤ δ/6, and t ∈ 0 τ. Therefore, there is
ε0 > 0 such that if 0 < ε ≤ ε0, then
Ĝx y t ≥
{
1− exp
(
− δ
2
20ετ
)}
· 14πεtN/2
N∏
i=1
exp
(
−xi − yi
2
4εt
)
for xi − δ/2 ≤ δ/6, yi − xi ≤ δ/6 (i = 1    N), and t ∈ 0 τ. If we
take α > 0 sufﬁciently small and C0 = δ2/20τ, then the proof is complete
by (2.3).
Next, we derive a lower estimate of the solution of (1.1) near the maximal
point of ϕ.
Lemma 2.2. Suppose that ϕ satisﬁes (1.3) and ϕa = M . Then for any
τ ∈ 0 Tm, there exist C1 C2 β > 0 independent of ε such that the solution
of (1.1) satisﬁes
ux t ≥ −C1 exp−C2ε−1 in Baβ ⊂ 
for 0 < t < minτ T ε
Proof. Let u− be the solution of (1.1) with initial data ϕ−x =
minϕx 0. Since −m ≤ ϕ−x ≤ 0 in , it follows from the comparison
theorem that
−ztm ≤ u−x t ≤ 0
where ztm is a solution of (1.2) with θ = m. Hence the life span of
u− is greater than or equal to Tm. Putting Z = zτmp−1, we have
u−x tp−1 ≤ Z for t ∈ 0 τ so that
u−t ≥ εu− + Zu− in × 0 τ (2.4)
Now we take δ > 0 so small that Baδ ⊂  and ϕx > 0 in ∈ Baδ.
Let 2x be a continuous function on RN that is radially symmetric with
respect to x = a, nonincreasing in x − a, and satisﬁes 2x ≡ 0 in Baδ,
2x ≤ ϕ−x in , and 2x ≥ −m on RN . Let V x t be the solution of{
Vt = εV in RN × 0∞,
V x 0 = 2x in RN . (2.5)
Then, for x ∈ Baβ with 0 < β < δ, we have
V x t = 14πεtN/2
∫
RN
2y exp
(
−x− y
2
4εt
)
dy
≥ − m4πεtN/2
∫
RN\Bxδ−β
exp
(
−x− y
2
4εt
)
dy
≥ − m4πεtN/2 exp
(
−δ− β
2
8εt
) ∫
RN
exp
(
−x− y
2
8εt
)
dy
= −2N/2m · exp
(
−δ− β
2
8εt
)

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Hence we obtain
V x t ≥ −2N/2m · exp
(
−δ− β
2
8ετ
)
for x t ∈ Baβ × 0 τ.
By (2.5), the function vx t = eZtV x t satisﬁes{
vt = εv + Zv in RN × 0∞,
vx 0 = 2x in RN .
Since ϕ−x ≥ 2x, it follows from (2.4) that
u−x t ≥ vx t in × 0 τ
Thus we obtain
u−x t ≥ eZtV x t ≥ −2N/2m · exp
(
Zτ − δ− β
2
8ετ
)
for x t ∈ Baβ × 0 τ. This completes the proof by noting ux t ≥
u−x t in  for 0 < t < minτ T ε.
Combining the above two lemmas, we have the following lower estimate
of the solution of (1.1) near the maximal point of ϕ.
Lemma 2.3. Suppose that ϕ satisﬁes (1.3) and ϕa = M . Then for any
τ ∈ 0 Tm, there exist γ ε1 > 0 such that if 0 < ε ≤ ε1, the solution of (1.1)
satisﬁes
ux t > 0 in Baγ ⊂ 
for 0 < t < minτ T ε.
Proof. The solution of (1.1) is expressed as
ux t = I1 + I2
where
I1 =
∫

ϕyGx y tdy
I2 =
∫ t
0
∫

uy sp−1uy sGx y t − sdy ds
We will estimate I1 and I2 from below as follows.
We take δ > 0 such that Baδ ⊂  and ϕx ≥M/2 in Baδ, and rewrite
I1 as
I1 =
∫
Bxδ
ϕyGx y tdy +
∫
\Bxδ
ϕyGx y tdy
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By Lemma 2.1, there exist C0 α ε0 > 0 with α < δ/2 such that if 0 < ε ≤
ε0, then
Gx y t ≥ {1− exp(−C0ε−1)} · 14πεtN/2 exp
(
−x− y
2
4εt
)
for x y t ∈ Baα × Bxα × 0 τ. Hence∫
Bxα
ϕyGx y tdy ≥ M
2
{
1− exp(−C0ε−1)}
for x t ∈ Baα × 0 τ. On the other hand, by (2.2), we have
0 <
∫
\Bxα
Gx y tdy < 14πεtN/2
∫
\Bxα
exp
(
−x− y
2
4εt
)
dy
< exp
(
− α
2
8εt
)
· 14πεtN/2
∫
RN
exp
(
−x− y
2
8εt
)
dy
= 2N/2 exp
(
− α
2
8εt
)
 (2.6)
Hence we obtain
∫
\Bxα
ϕyGxy tdy≥−m
∫
\Bxα
Gxy tdy≥−2N/2m·exp
(
− α
2
8εt
)

Thus
I1 ≥
M
2
{
1− exp(−C0ε−1)}− 2N/2m · exp
(
− α
2
8ετ
)
in Baα (2.7)
for 0 < t < minτ T ε.
Next we estimate I2. By the comparison theorem, the solution of (1.1)
satisﬁes
ux tp−1ux t ≥ −ztmp ≥ −zτmp in  (2.8)
for 0 < t < minτ T ε. By Lemma 2.2, there are C1 C2 β > 0 indepen-
dent of ε such that
ux t ≥ −C1 exp−C2ε−1 in Baβ (2.9)
for 0 < t < minτ T ε. Let γ be a constant satisfying 0 < γ <
minαβ/2. Then for x ∈ Baγ and 0 < t < minτ T ε, it follows
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from (2.8) and (2.9) that
I2 =
∫ t
0
∫
Bxγ
uy sp−1uy sGx y t − sdy ds
+
∫ t
0
∫
\Bxγ
uy sp−1uy sGx y t − sdy ds
≥ −Cp1 exp
(
−pC2
ε
) ∫ t
0
∫
Bxγ
Gx y t − sdy ds
− zτmp
∫ t
0
∫
\Bxγ
Gx y t − sdy ds
Here, we have
∫
Bxγ
Gx y t − sdy <
∫

Gx y t − sdy = 1
and
∫
\Bxγ
Gx y t − sdy ≤ 2N/2 exp
(
− γ
2
8εt − s
)
in the same manner as (2.6). Hence we obtain
I2 ≥ −Cp1 τ · exp
(
−pC2
ε
)
− τzτmp2N/2
· exp
(
− γ
2
8ετ
)
in Baγ (2.10)
for 0 < t < minτ T ε.
Consequently, by adding (2.7) and (2.10), the solution of (1.1) is esti-
mated from below as
ux t = I1 + I2 ≥
M
2
{
1− exp
(
−C0
ε
)}
− 2N/2m · exp
(
− α
2
8ετ
)
−Cp1 τ · exp
(
−pC2
ε
)
− τzτmp2N/2 · exp
(
− γ
2
8ετ
)
in Baγ for 0 < t < minτ T ε. Here, if ε > 0 is sufﬁciently small, then
the right-hand side is positive. This completes the proof.
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3. PROOFS OF THEOREMS 1.1 AND 1.3
We ﬁrst prove Theorem 1.1.
Proof of Theorem 1.1. Since we have
T ε ≥ 1
p− 1M
1−p
by comparing with ztM, it sufﬁces to show
lim sup
ε→0
T ε ≤ 1
p− 1M
1−p (3.1)
We may assume without loss of generality that  contains the origin and
ϕ0 = M . Fix an arbitrary τ ∈ TM Tm. By Lemma 2.3, there exist a
ball D ⊂  centered at the origin and ε1 > 0 such that if 0 < ε ≤ ε1,
then ux t > 0 in D for 0 < t < minτ T ε. For each µ > 0 there is a
sufﬁciently small δµ > 0 such that
Bµ = x ∈ RN  x ≤ δµ ⊂ D
and
M − µ ≤ ϕx ≤M for x ∈ Bµ (3.2)
We take a function ϕ˜x on 	D that is continuous, radially symmetric, and
decreasing with respect to x, and satisﬁes
0 ≤ ϕ˜x ≤ ϕx in D
and
ϕ˜x ≡M − µ in Bµ
Let u˜ be a solution of

u˜t = εu˜+ u˜p−1u˜ in D× 0∞,
u˜x t = 0 on ∂D× 0∞,
u˜x 0 = ϕ˜x in D.
(3.3)
Since ux t > 0 on ∂D by Lemma 2.3, it follows from the comparison
theorem that
u˜x t ≤ ux t in D
for 0 < t < minτ T ε.
Let U˜ be a solution of

U˜t = εU˜ in D× 0∞,
U˜x t = 0 on ∂D× 0∞,
U˜x 0 = ϕ˜x in D,
(3.4)
and deﬁne
ux t = zt U˜x t = {U˜x t1−p − p− 1t}1/1−p
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We denote by T ε the life span of u, that is,
T ε = sup
{
t > 0  1
p− 1 U˜· s
1−p
∞ > s for s ∈ 0 t
}
 (3.5)
Since
zθ =
∂z
∂θ
= θ−p{θ1−p − p− 1t}1/1−p−1 = θ−pzp > 0
and
zθθ =
∂2z
∂θ2
= −pθ−p−1zp + pθ−pzp−1zθ
= pθ−2pzp−θp−1 + zp−1 > 0
we have
utx t − ux t − ux tp = ztt U˜ + zθt U˜U˜t − zθθt U˜∇U˜ 2
− zθt U˜U˜ − zt U˜p ≤ 0
Hence ux t is a subsolution of (3.3). Thus, by the comparison theorem,
we obtain
0 ≤ ux t ≤ u˜x t ≤ ux t in D
for 0 < t < minτ T ε so that T ε ≤ T ε. Therefore, by (3.1), it suf-
ﬁces to show that
lim sup
ε→0
T ε ≤ 1
p− 1M
1−p (3.6)
Let us estimate U˜· t∞, which must be attained at the origin by the
choice of ϕ˜. Let G˜ be the fundamental solution of U˜t = εU˜ in D with
the Dirichlet boundary condition, and take ε1 > 0 and δµ > 0 sufﬁciently
small. Then, by applying Lemma 2.1 to the domain D, there is a constant
C˜0 > 0 such that if 0 < ε ≤ ε1, then
G˜0 y t ≥ {1− exp−C˜0ε−1} · 14πεtN/2 exp
(
−y
2
4εt
)
for y t ∈ Bµ × 0 τ. Hence, by (3.2), we obtain
U˜· t∞ = U˜0 t
=
∫
Bµ
ϕ˜yG˜0 y tdy +
∫
D\Bµ
ϕ˜yG˜0 y tdy
≥ M − µ{1− exp−C˜0ε−1} · 14πεtN/2
∫
Bµ
exp
(
−y
2
4εt
)
dy
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for t ∈ 0 τ. Here, we have
1
4πεtN/2
∫
Bµ
exp
(
−y
2
4εt
)
dy = 1− 14πεtN/2
∫
RN\Bµ
exp
(
−y
2
4εt
)
dy
≥ 1− 2N/2 exp
(
− δ
2
µ
8εt
)
in the same manner as (2.6). Thus we obtain
U˜· t∞ ≥ M − µ
{
1− exp(−C˜0ε−1)}
{
1− 2N/2 exp
(
− δ
2
µ
8εt
)}
(3.7)
for t ∈ 0 τ.
By this estimate, for each µ > 0, if ε > 0 is sufﬁciently small, then
U˜· t∞ ≥M − 2µ for t ∈ 0 τ. Hence
1
p− 1 U˜· t
1−p
∞ <
1
p− 1M
1−p + C˜1µ = TM + C˜1µ
for t ∈ 0 τ with some C˜1 > 0 independent of small ε and µ. Since TM <
TM + C˜1µ < τ if µ is small enough, we obtain
1
p− 1 U˜· TM + C˜1µ
1−p
∞ < TM + C˜1µ
By (3.5), this implies T ε ≤ TM + C˜1µ. Since µ > 0 is arbitrary, (3.6)
holds. This completes the proof.
In order to prove Theorem 1.3, we adopt the same approach as the proof
of Theorem 1.1, so we will use the same notations in the following proof.
Proof of Theorem 1.3. By assumption, there is d > 0 with Bad = x ∈
RN  x − a ≤ d ⊂  such that ϕ˜x ≡ M in Bad. Then, for each ﬁxed
τ ∈ TM Tm, there exist constants ε1 > 0 and C˜0 > 0 such that if 0 < ε ≤
ε1, then
U˜· t∞ ≥M
{
1− exp(−C˜0ε−1)}
{
1− 2N/2 exp
(
− d
2
8εt
)}
for t ∈ 0 τ, which is obtained by simply setting µ = 0 in (3.7). This implies
that
1
p− 1 U˜· t
1−p
∞ <
1
p− 1M
1−p + C˜1 exp
(−C˜2ε−1)
= TM + C˜1 exp
(−C˜2ε−1)
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for t ∈ 0 τ with some constants C˜1 C˜2 > 0 independent of small ε. Since
TM + C˜1 exp−C˜2ε−1 ∈ TM Tm for small ε, we obtain
1
p− 1 U˜· t
1−p
∞ < t
at t = TM + C˜1 exp−C˜2ε−1. By (3.5), this implies
T ε ≤ 1
p− 1M
1−p + C˜1 exp−C˜2ε−1
This completes the proof.
4. PROOF OF THEOREM 1.2
In this section, we prove Theorem 1.2 by deriving upper and lower esti-
mates of T ε. We ﬁrst give an upper estimate.
Proposition 4.1. Suppose that ϕ satisﬁes the same assumption as in
Theorem 1.2. Then
T ε ≤ 1
p− 1 ϕ
1−p
∞ +Kϕ1+k/21−p−1∞ trHεk/2 + oεk/2
as ε→ 0, where K is the constant given in Theorem 1.2.
Proof. We assume without loss of generality that  contains the origin,
ϕx takes its maximum only at the origin, and ϕ0 =M > 0. The proof
proceeds in a similar manner to that for Theorem 1.1, so we will use the
same notations in the following.
Fix an arbitrary constant τ ∈ 0 Tm. By Lemma 2.3, there exist a ball
D ⊂  centered at the origin and ε1 > 0 such that if 0 < ε ≤ ε1, then
ux t > 0 in D for 0 < t < minτ T ε. For each µ > 0, there is a
sufﬁciently small δµ > 0 such that
Bµ = x ∈ RN  x ≤ δµ ⊂ D
and
ϕx ≥M − xk−2Hx x − µxk in Bµ
where H is a symmetric positive semi-deﬁnite matrix.
Take a smooth function ϕ˜x on 	D that is continuous, symmetric with
respect to the origin, decreasing in xi for all i = 1    N , and satisﬁes
0 ≤ ϕ˜x ≤ ϕx in D
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and
ϕ˜x ≡M − xk−2Hx x − µxk in Bµ
Let u˜ and U˜ be the solutions of (3.3) and (3.4), respectively, and deﬁne
ux t = zt U˜x t =
{
U˜x t1−p − p− 1t
}1/1−p

Then, as in the proof of Theorem 1.1, we have
0 ≤ ux t ≤ u˜x t ≤ ux t in D
for 0 < t < minτ T ε. Hence the life span T ε of u satisﬁes T ε ≤
T ε. Therefore it sufﬁces to prove
T ε ≤ 1
p− 1M
1−p +KM1+k/21−p−1trHεk/2 + oεk/2 (4.1)
as ε→ 0.
By (3.5), T ε satisﬁes
T ε = 1
p− 1 U˜· T ε
1−p
∞  (4.2)
Let us estimate U˜· T ∞, which must be attained at the origin by the
choice of ϕ˜. Let G˜ be the fundamental solution of U˜t = εU˜ in D with the
Dirichlet boundary condition, and take ε1 > 0 and δµ > 0 sufﬁciently small.
Then, by Lemma 2.1, there is a constant C˜0 > 0 such that if 0 < ε ≤ ε1,
then
G˜0 xT  ≥ {1− exp(−C˜0ε−1)} · 14πεT N/2 exp
(
− x
2
4εT
)
in Bµ
Hence we have
U˜· T ∞ = U˜0 T 
=
∫
Bµ
ϕ˜yG˜0 yT dy +
∫
\Bµ
ϕ˜yG˜0 yT dy
≥ {1− exp(−C0ε−1)} · 14πεT N/2
·
∫
Bµ
M − yk−2Hy y − µyk exp
(
− y
2
4εT
)
dy
Thus we obtain
U˜· T ∞ ≥
{
1− exp(−C0ε−1)}MI1ε − I2ε − µI3ε (4.3)
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where
I1ε =
1
4πεT N/2
∫
Bµ
exp
(
− y
2
4εT
)
dy
I2ε =
1
4πεT N/2
∫
Bµ
yk−2Hy y exp
(
− y
2
4εT
)
dy
I3ε =
1
4πεT N/2
∫
Bµ
yk exp
(
− y
2
4εT
)
dy
Setting
:; = 14πN/2
∫
RN
y; exp
(
−y
2
4
)
dy = 2
;N + ;/2
N/2  (4.4)
we have
1
4πεT N/2
∫
RN
exp
(
− y
2
4εT
)
dy=:0=1
1
4πεT N/2
∫
RN
yk−2Hyyexp
(
− y
2
4εT
)
dy
=εT k/2trH 14πN/2
∫
RN
y21 yk−2exp
(
−y
2
4
)
dy=εT k/2 trH
N
:k
1
4πεT N/2
∫
RN
ykexp
(
− y
2
4εT
)
dy=εT k/2:k
On the other hand, we have
1
4πεT N/2
∫
RN\Bµ
exp
(
− y
2
4εT
)
dy = O
(
exp
(
− δ
2
1
8εTm
))

1
4πεT N/2
∫
RN\Bµ
yk−2Hy y exp
(
− y
2
4εT
)
dy = O
(
exp
(
− δ
2
1
8εTm
))

1
4πεT N/2
∫
RN\Bµ
yk exp
(
− y
2
4εT
)
dy = O
(
exp
(
− δ
2
1
8εTm
))

in a similar manner to (2.6). Thus, from the above computation, we see that
I1ε = 1−O
(
exp
(
− δ
2
1
8εTm
))

I2ε = εT k/2
trH
N
:k −O
(
exp
(
− δ
2
1
8εTm
))

I3ε = εT k/2:k −O
(
exp
(
− δ
2
1
8εTm
))

as ε→ 0.
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Consequently, by (4.3), we obtain
U˜· T ∞ ≥M − εT k/2
{
trH
N
+ µ
}
:k −O
(
exp
(
− δ
2
1
8εTm
))
as ε→ 0. This implies that if ε > 0 is sufﬁciently small, then
1
p− 1 U˜· T 
1−p
∞ ≤
1
p− 1M
1−p + εT k/2M−p
{
trH
N
:k + C1µ
}
with some C1 > 0 independent of small ε and µ. Therefore it follows from
(4.2) that
T ε ≤ 1
p− 1M
1−p + εT k/2M−p
{
trH
N
:k + C1µ
}
 (4.5)
Since T ε < Tm for sufﬁciently small ε > 0, this implies that
T ε ≤ 1
p− 1M
1−p + C2εk/2
where C2 > 0 is a constant independent of ε. Substituting this in the right-
hand side of (4.5), we obtain
T ≤ 1
p− 1M
1−p + 1p− 1k/2M
k1−p/2−p
{
trH
N
:k + C3µ
}
εk/2
with some C3. Since µ > 0 is arbitrary, (4.1) is obtained by (4.4). This
completes the proof.
We next give a lower estimate of life span. Let ψx be a function on RN
given by
ψx =
{ ϕx in ,
0 in RN\,
and consider the Cauchy problem{
vs = v + vp−1v in RN × 0∞,
vx 0 = λψx in RN , (4.6)
where λ > 0 is a large parameter. We denote by Sλ the life span of the
solution v.
The following result was obtained in Proposition 5.1 of [8] in order to
derive a precise estimate of the life span of solutions for (4.6) with large
initial data.
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Lemma 4.1. Suppose that ϕ satisﬁes the same assumption as in Theorem
1.2. Then
Sλ ≥ 1
p− 1 ψ
1−p
∞ λ
1−p +Kψ1+k/21−p−1∞ trHλ1+k/21−p
+o
(
λ1+k/21−p
)
as λ→∞.
By using this lemma, we have the following lower estimate of T ε.
Proposition 4.2. Suppose that ϕ satisﬁes the same assumption as in
Theorem 1.2. Then
T ε ≥ 1
p− 1 ϕ
1−p
∞ +Kϕ1+k/21−p−1∞ trHεk/2 + oεk/2
as ε→ 0.
Proof. Let u¯ be the solution of{
u¯t = εu¯+ u¯p−1u¯ in RN × 0∞,
u¯x 0 = ϕx in RN . (4.7)
We denote by 	T ε the life span of the solution u¯. Since the solution of
(1.1) satisﬁes
−u¯x t ≤ ux t ≤ +u¯x t in × 0 	T ε
by the comparison theorem, we have T ε ≥ 	T ε for each ε > 0. On the
other hand, by setting
vx s = ε1/1−pu¯x ε−1s λ = ε1/1−p
(4.7) is rewritten as (4.6) so that 	T ε = ε−1Sλ. Since λ→∞ as ε→ 0,
we can apply Lemma 4.1 to obtain the desired inequality.
Now the proof of Theorem 1.2 is obtained immediately from Propositions
4.1 and 4.2.
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